We study the properties of nonlinear Backward Stochastic Differential Equations (BSDEs) driven by a Brownian motion and a martingale measure associated with a default jump with intensity process (λ t ). We give a priori estimates for these equations and prove comparison and strict comparison theorems. These results are generalized to drivers involving a singular process. The special case of a λ-linear driver is studied, leading to a representation of the solution of the associated BSDE in terms of a conditional expectation and an adjoint exponential semi-martingale. We then apply these results to nonlinear pricing of European contingent claims in an imperfect financial market with a totally defaultable risky asset. The case of claims paying dividends is also studied via a singular process.
Introduction
The aim of the present paper is to study BSDEs driven by a Brownian motion and a martingale measure associated with a default jump process with intensity process λ = (λ t ). The applications we have in mind are the pricing and hedging issues for contingent claims in an imperfect financial market with default. The theory on BSDEs driven by a Brownian motion and a Poisson random measure has been studied extensively by several authors (we refer e.g. to Barles, Buckdahn and Pardoux [3] , Royer [21] , Quenez and Sulem [20] ). The present study relies on many arguments which are used in this literature. Nevertheless, the treatment of a default jump requires some specific arguments which are not straightforward and we present here a rigorous analysis of these BSDEs with default jump. To our knowledge, there are few results on non linear BSDEs with default jump. The papers [7] and [1] concern only the existence and the uniqueness of the solution, established under different assumptions (see Remark 2.7 for more details). In our paper, we first provide some useful a priori estimates, from which the existence and uniqueness result directly follows. We also give a representation property of the solution when the driver is λ-linear, as well as comparison and strict comparison theorems in the general case. We moreover allow the driver of these equations to have some singular component, in the sense that the driver may be of the generalized form g(t, ω, y, z, k)dt + dD t (ω), where D is a finite variation càdlàg process with square integrability conditions. This allows us to treat the case of dividends in our financial application.
The paper is organized as follows: in Section 2, we present the theory of BSDEs with default jump. More precisely, in Section 2.1, we present the mathematical setup. In Section 2.2, we state some a priori estimates, from which we derive the existence and the uniqueness of the solution. In Section 2.3, we introduce the definition of a λ-linear driver, where λ refers to the intensity of the jump process, which generalizes the notion of a linear driver given in the literature on BSDEs to the case with default jump. When the driver is λ-linear, we provide an explicit solution of the associated BSDE in terms of a conditional expectation and an adjoint exponential semi-martingale. In Section 2.4, we establish a comparison theorem, which holds under an appropriate assumption on the driver. We also prove a strict comparison theorem, which requires an additional assumption. Some interesting counterexamples of comparison theorems are given when the assumptions of these theorems are violated.
We then turn to the application in Mathematical Finance in section 3. We consider a financial market with a defaultable risky asset and we study pricing and hedging issues for a European option paying a payoff ξ at the maturity T and intermediate dividends modeled via a singular process D. The case of a perfect market model is first studied via the theory of λ-linear BSDEs with default jump, while the case of imperfections, expressed via the nonlinearity of the wealth dynamics, is then treated by the theory of nonlinear BSDEs with generalized driver developed in Section 2. In this setting, the pricing system is expressed as a nonlinear expectation/evaluation E g,· : (ξ, D) → E g,D (ξ), induced by a nonlinear BSDE with default jump (solved under the primitive probability measure P ) with generalized driver g(t, ·)dt + dD t . Properties of consistency, monotonicity, convexity, non-arbitrage of this pricing system rely on the properties of the associated BSDE. As an illustrative example of market imperfections, we consider the case when the seller of the option is a large investor whose trading strategy may affect the market asset prices and the default intensity.
2 BSDEs with a default jump 2.1 Probability setup Let (Ω, G, P) be a complete probability space equipped with two stochastic processes: a unidimensional standard Brownian motion W and a jump process N defined by N t = 1 ϑ≤t for any t ∈ [0, T ], where ϑ is a random variable which modelizes a default time. We assume that this default can appear at any time that is P (ϑ ≥ t) > 0 for any t ≥ 0. We denote by G = {G t , t ≥ 0} the complete natural filtration of W and N. We suppose that W is a G-Brownian motion.
Let (Λ t ) be the predictable compensator of the non decreasing process (N t ). Note that (Λ t∧ϑ ) is then the predictable compensator of (N t∧ϑ ) = (N t ). By uniqueness of the predictable compensator, Λ t∧ϑ = Λ t , t ≥ 0 a.s.
We assume that Λ is absolutely continuous w.r.t. Lebesgue's measure, so that there exists a nonnegative process λ, called the intensity process, such that 
3), we derive that
Note that, for all non negative numbers λ, y, z, k, g and ε > 0, we have
Hence,
Let us make the change of variable η = 3ǫ 2 . Then, for each β, η > 0 chosen as in the proposition, these inequalities lead to (2.5). By integrating (2.5), we obtain (2.6). Using inequality (2.10), we derive (2.7).
Remark 2.5. By classical results on the norms of semimartingales, one similarly shows that
where K is a positive constant only depending on T and C.
Existence and uniqueness result for BSDEs with a default jump
Remark 2.7. This result generalizes the existence and uniqueness result obtained in [7] under stronger assumptions. Indeed, suppose that ξ is G ϑ∨T -measurable (as in [7] ) and that g is replaced by g1 t≤τ (which is a λ-admissible driver), then the solution (Y, Z, K) of the associated BSDE (2.4) is equal to the solution of the BSDE with random terminal time ϑ, driver g and terminal condition ξ, considered in [7] . Note that the boundedness assumption made on the default intensity process (λ t ) in [7] is not necessary to ensure this result.
Proof. We show this result by using the a priori estimates given in Proposition 2.4. The arguments are classical and a short proof is given for completeness. Let us first consider the case when the driver g(t) does not depend on the solution. By using the representation property of G-martingales (Lemma 2.1) together with classical computations, one can show that there exists a unique solution of the BSDE (2.4) associated with terminal condition ξ ∈ L 2 (F T ) and driver process g(t) ∈ IH 2 . Let us turn to the case with a general λ-admissible driver g(t, y, z, k). Denote by IH 2 β the space
, that is, the solution of the RBSDE associated with driver process g(s, U
. Using the estimates (2.6) and (2.7) with λ-constant equal to 0 (since the driver g 1 does not depend on the solution), we derive that for all η, β > 0 such that β ≥ 3 η , we have
Since the driver g is λ-admissible with λ-constant C, we get By similar arguments, we have the following generalized result.
Proposition 2.8. [BSDEs with default jump and "generalized driver"] Let g be a λ-admissible driver, let ξ ∈ L 2 (G T ) and let D be a finite variational RCLL adapted process with square integrable total variation process. There exists an unique solution
λ of the BSDE associated with "generalized driver" g(t, ·)dt + dD t and terminal condition ξ, that is
Remark 2.9. Let D be a finite variational RCLL adapted process. Its associated total variation process is square integrable if and only if D can be decomposed as follows:
λ-linear BSDEs with default jump
We introduce the notion of λ-linear BSDEs in our framework with default jump.
Definition 2.10 (λ-linear driver).
A driver g is called λ-linear if it is of the form:
where (ϕ t ) ∈ H 2 , and where (δ t ), (β t ) and (γ t ) are R-valued predictable processes such that (δ t ), (β t ) and (γ t √ λ t ) are bounded.
Remark 2.11. Note that a driver g is λ-linear if and only if it is of the form:
where (ϕ t ) ∈ H 2 , and where (δ t ), (β t ) and (ν t ) are bounded R-valued predictable processes. From this observation, it follows that a λ-linear driver is λ-admissible.
We will now prove that the solution of a λ-linear BSDE, that is the solution of BSDE (2.4) associated with a λ-linear driver, can be written as a conditional expectation via an exponential semimartingale. We first show a preliminary result.
Proposition 2.12. Let (β s ) and (γ s ) be two real-valued G-predictable processes such that the random variable T 0 (β 2 r + γ 2 r λ r ) dr is bounded. Let (ζ s ) be the process satisfying the forward SDE:
The process (ζ s ) satisfies the so-called Doléans-Dade formula, that is
For each T > 0, the process (ζ s ) 0≤s≤T is a martingale and satisfies
Proof. By definition, the process (ζ s ) is a local martingale. Let T > 0. Let us show that
It follows that ζ 2 is an exponential semimartingale which can be written:
where η is the exponential local martingale satisfying
, with η 0 = 1. By equality (2.14), the local martingale η is non negative. Hence, it is a supermartingale, which yields that E[η T ] ≤ 1. Now, by assumption,
where K is a positive constant. By martingale inequalities, we derive that E[sup 0≤s≤T ζ 2 s ] < +∞. Hence, the process (ζ s ) 0≤s≤T is a martingale. By an induction argument as in the proof of Proposition A.1 in [20] , one can prove that the integrability property of ζ holds for all integer p ≥ 2.
The last assertion follows from the Doléans-Dade formula.
Remark 2.13. The inequality γ ϑ ≥ −1 a.s. is equivalent to the inequality
, because the process ( t 0 λ r dr) is the G-predictable compensator of the default jump process N.
Theorem 2.14 (Representation of the solution of a λ-linear BSDE
λ of the BSDE associated with driver g and terminal condition ξ, that is
(2.15) The process (Y t ) satisfies 
Proof. Fix t ∈ [0, T ]. By applying the Itô product formula to Y s Γ t,s , we get
(where Γ t,s is denoted by Γ s ). Setting
By integrating between t and T , we obtain
By Remark 2.15, we have (
λ , and β and γ are bounded. It follows that the local martingale m = (m s ) t≤s≤T is a martingale. Hence, by taking the conditional expectation in equality (2.18), we get equality (2.17).
By similar arguments, we have the generalized representation result.
and let D be a finite variational RCLL adapted process with square integrable total variation process. Let (δ t ), (β t ) and (γ t ) be R-valued predictable processes such that (δ t ), (β t ) and (γ t √ λ t ) are bounded. Let (Y, Z, K) be the solution of the BSDE:
For each t ∈ [0, T ], we have 
Comparison theorems for BSDEs with a default jump
We give here a comparison theorem and a strict comparison result for BSDEs with a default jump under additional assumptions on the driver.
Theorem 2.17 (Comparison theorems for BSDEs with default jump).
Let ξ 1 and ξ 2 ∈ L 2 (G T ). Let g 1 and g 2 be two λ-admissible drivers.
Assume that there exists a predictable process (γ t ) with (γ t λ t ) bounded and γ t ≥ −1, dt ⊗ dP a.s.
(2.21)
such that
Suppose also that
. Suppose moreover that the second inequality in (2.21) is strict, that is γ t > −1. If Y t 0 = 0, for some t 0 ∈ [0, T ], then the inequalities in (2.23) are equalities. 
Proof. SettingȲ
. Using the assumption (2.22), we get h s ≥ δ sȲs + β sZs + γ sKs λ s + ϕ s ds ⊗ dP − a.s.
(2.24)
Since g 1 satisfies condition (2.3), the predictable processes δ and β are bounded. Fix t ∈ [0, T ]. Let Γ t,. be the process defined by (2.16). Since δ, β and γ √ λ are bounded, it follows from Remark 2.15 that Γ t,. ∈ S 2 . Also, since γ s ≥ −1, we have Γ t,. ≥ 0 a.s. By Itô's formula and similar computations as in the proof of Theorem 2.14, we derive that
where m is a martingale (because Γ t,. ∈ S 2 ,Ȳ ∈ S 2 ,Z ∈ IH 2 ,K ∈ IH 2 λ and β, γ √ λ are bounded). Using the inequality (2.24) together with the non negativity of Γ, we thus get −d(Ȳ s Γ t,s ) ≥ Γ t,s ϕ s ds − dm s . By integrating between t and T and by taking the conditional expectation, we obtain We give here some counter-examples related to the comparison theorems for BSDEs with a default jump.
Remark 2.18. Let us give an example which shows that in the case where assumption (2.21) is violated, that is when γ takes values < −1 with positive measure, then, even if the terminal condition is nonnegative, the solution Y of the linear BSDE with default jump may take strictly negative values. Hence, in this case, the comparison theorem does not hold. Suppose that the process λ is bounded. Let g be a λ-linear driver of the particular form
where γ is a real constant (this corresponds to the driver of the λ-linear BSDE (2.15) with δ s = β s = ϕ s = 0 and γ s = γ). At terminal time T , the associated adjoint process Γ 0,s satisfies (see (2.16) and Remark 2.15) :
where the second equality follows from the definition of the default jump process N. Let Y be the solution of the BSDE associated with driver g and terminal condition
The representation property of linear BSDEs with default jump (see (2.17)) gives
Hence, by (2.27), we get
where for the last equality we have used the fact that N T = N 2 T . Equation (2.28) shows that when γ < −1, we have Y 0 < 0 although ξ ≥ 0 a.s.
This example also gives a counter-example for the strict comparison theorem by taking γ = −1. Indeed, in this case, the relation (2.28) at time 0 yields that Y 0 = 0. Now, we have
(2.29)
Hence, under the additional assumption P (ϑ > T ) < 1, we get E[ξ] > 0, which implies that Proof. Using the same arguments and notation as above, we obtain:
Hence,Ȳ t ≥ 0 a.s.
(ii) Suppose moreover that Y t 0 = 0 a.s. and that γ t > −1. Since γ t > −1, we have Γ t,T > 0. We thus get ξ 1 = ξ 2 a.s. and
3 Nonlinear pricing in a financial market with default
Financial market with defaultable risky asset
We consider a financial market which consists of one risk-free asset, whose price process S 0 satisfies dS 0 t = S 0 t r t dt, and two risky assets with price processes S 1 , S 2 evolving according to the equations:
where the process (M t ) is given by (2.1). Note that the second risky asset is defaultable with total default. We have S 2 t = 0, t ≥ ϑ a.s. All the processes σ 1 , σ 2 , r, µ 1 , µ 2 are predictable (that is P-measurable). We set σ = (σ 1 , σ 2 ) ′ . We suppose that σ 1 , σ 2 > 0, and r, σ
−1 are bounded. Let us consider an investor who can invest in the three tradable assets. At time 0, he invests the amount x ≥ 0 in the three assets.
For i = 1, 2, we denote by ϕ i t the amount invested in the i th risky asset. Since after time ϑ, the investor cannot invest his wealth in the defaultable asset (since its price is equal to 0), we have ϕ
λ is called a risky assets stategy.
Let C t be the cumulated cash amount which has been withdrawn from the market portfolio between time 0 and time t. The process C belongs to A 2 , that is, C is an RCLL adapted non decreasing process satisfying C 0 = 0 and E[C 
Pricing of European options with dividends in a perfect market model
In this section, we suppose that the market model is perfect. In this case, by the self financing condition, the wealth process V x,ϕ,C (simply denoted by V ) follows the dynamics:
Loosely speaking, dC t represents the amount withdrawn from the portfolio during the time period [t, t + dt].
Suppose that the processes θ 1 and θ 2 √ λ are bounded. Let T > 0. Let ξ be a G T -measurable random variable belonging to L 2 , and let D be a non decreasing process belonging to A 2 . We consider a European option with maturity T , payoff ξ and cumulative dividend process D. For each t ∈ [0, T ], dD t represents the dividend amount paid to the owner of the option between time t and time t + dt.
The aim is to price this contingent claim. Let us consider a seller who wants to sell the option at time 0. With the amount he receives at time 0 from the buyer, he wants to be able to construct a portfolio which allows him to pay to the buyer the amount ξ at time T and the intermediate dividends.
By Proposition 2.8, there exists an unique process (X, Z, K) ∈ S 2 × H 2 × H 2 λ solution of the following λ-linear BSDE:
Note that the driver of this BSDE is given for each (ω, t, y, z, k) by
Since by assumption, the coefficients r, σ 2 , θ 1 , θ 2 √ λ are predictable and bounded, it follows that g is a λ-linear driver (see Definition 2.10). The solution (X, Z, K) corresponds to the replicating portfolio. More precisely, the hedging risky assets stategy ϕ is such that
3)
Note that this defines a change of variables Φ defined by:
is given by (3.3), which is equivalent to
The process D corresponds to the cumulated cash withdrawal. The process X coincides with V X 0 ,ϕ,D , the value of the portfolio associated with initial wealth x = X 0 , portfolio strategy ϕ and cumulated (dividend) cash withdrawal D. From the seller's point of view, this portfolio is a hedging portfolio since, by investing the initial amount X 0 in the reference assets along the strategy ϕ, it allows him to pay the amount ξ to the buyer at time T and the intermediate dividends. We derive that X 0 is the initial price of the option, called hedging price, and denoted by X D 0 (ξ). Similarly, for each time t ∈ [0, T ], X t is the hedging price at time t of the option, and is denoted by X D t (ξ). Since the driver g given by (3.2) is λ-linear, the representation property of the solution of a λ-linear BSDE (see Theorem 2.14) yields
where ζ satisfies
This defines a linear price system X: (ξ, D) → X D (ξ). Suppose now that θ
Nonlinear pricing of European options with dividends in an imperfect market with default
From now on, we assume that there are imperfections in the market which are taken into account via the nonlinearity of the dynamics of the wealth. More precisely, we suppose that the wealth process V x,ϕ,C t (or simply V t ) associated with an initial wealth x, a strategy
λ and a cumulated withdrawal process C satisfies the following dynamics:
where g is a nonlinear λ-admissible driver (see Definition 2.2). Equivalently, setting Z t = ϕ t ′ σ t and
Note that in the special case of a perfect market, g is given by (3.2). Let us consider a European option with maturity
, also denoted by (X, Z, K), be the solution of BSDE associated with terminal time T , "generalized driver" g(·)dt + dD t and terminal condition ξ, that is satisfying
The process X = X D (T, ξ) is equal to the wealth process associated with initial value x = X 0 , strategy ϕ = Φ(Z, K) (see (3.4) ) and cumulated amount D of cash withdrawals that is X = V X 0 ,ϕ,D . Its initial value X 0 = X D 0 (T, ξ) is thus a sensible price (at time 0) of the option for the seller since this amount allows him/her to construct a trading strategy ϕ, called hedging strategy, such that the value of the associated portfolio is equal to ξ at time T . Moreover, the cash withdrawals perfectly replicate the dividends of the option. Similarly, 
·,S (ξ). When there are no dividends, it reduces to the nonlinear pricing system E g,0 (usually denoted by E g ), first introduced by El Karoui-Quenez ( [15] ) in a Brownian framework We now give some properties on this nonlinear pricing system E g,· which generalize those given in [15] to the case with a default jump and dividends.
• Consistency. By the flow property for BSDEs, E g,· is consistent. More precisely, let
, and let S be a stopping time smaller than S ′ . Then for each time t smaller than S, the g-value of the option associated with payoff ξ, (cumulated) dividend process D and maturity S ′ coincides with the g-value of the option associated with maturity S, payoff E Because of the presence of the default jump, the nonlinear pricing system E g,· is not necessarily monotone with respect to (ξ, D). We introduce the following Assumption. 
Recall that λ vanishes after ϑ and g(t, ·) does not depend on k on {t > ϑ}. Hence, the inequality (3.9) is always satisfied on {t > ϑ}. Note that the above assumption holds e.g. if g(t, ·) is non decreasing with respect to k, or if g is C 1 in k with ∂ k g(t, ·) ≥ −λ t on {t ≤ ϑ}. In the case of a perfect market, it is satisfied when θ 2 t ≤ 1. Before giving some additional properties (which hold under this Assumption), we introduce the following partial order relation, defined for each fixed time S ∈ [0, T ], on the set of pairs "payoff-dividends" by: for each (ξ • Monotonicity. Under Assumption 3.1, the nonlinear pricing system E g,· is non decreasing with respect to the payoff and the dividend. More precisely, for all maturity S ∈ [0, T ], for all payoffs ξ 1 , ξ 2 ∈ L 2 (G S ), and cumulated dividend processes D 1 , D 2 ∈ A 2 , the following property holds:
If (ξwhere g(t, y, z, k) = −r t y − zθ 
